We study the eigenvalues of the biharmonic operators and the buckling eigenvalue on complete, open Riemannian manifolds. We show that the first eigenvalue of the biharmonic operator on a complete, parabolic Riemannian manifold is zero. We give a generalization of the buckling eigenvalue and give applications to studying the stability of minimal Lagrangian submanifolds in Kähler manifolds.
Introduction
This paper is concerned with eigenvalues of the biharmonic operators and the buckling eigenvalue for complete Riemannian manifolds. We are mostly concerned with relating bounds for these eigenvalues to the behavior of the ends of the manifold. Let M be a complete Riemannian manifold. M is called parabolic if every non-positive subharmonic function on M reduces to a constant. By an end E of M we mean an unbounded connected component of the complement of a compact subset. An end E will be called parabolic if there exists a complete parabolic Riemannian manifold whose only end is E.If M is a surface these concepts are conformally invariant.
Let Ω ⊂⊂ M be a relatively compact subdomain with smooth boundary. Let P > 0 be a smooth function on M and consider the eigenvalue problem
u = ∂ n u = 0 , on ∂Ω where ∆ 2 = ∆∆ denotes the biharmonic operator . Denote the eigenvalues by Λ 1 ≤ Λ 2 ≤ Λ 3 ≤ ..., Λ j = Λ j (P, Ω). Let We recall a well known result of Fischer-Colbrie, Schoen which states that any complete, minimal surface in a three dimensional manifold with uniformaly positive scalar curvature is unstable in the sense that there are compactly supported variations of the surface which decrease its area. Y. G. Oh introduced the concept of Hamiltonian stability for minimal Lagrangian submanifolds in a Kähler manifold. In view of the similatities between minimal surfaces in 3-manifolds and minimal Lagrangian surfaces in Kähler manifold of real dimension 4, we are lead to the following conjecture:
Let f : Σ 2 → X 4 be a minimal, Lagrangian immersion of a surface into a Kähler 4-manifold whose Ricci curcature has a positive lower bound. Assume that the metric induced on Σ is complete. Then the immersion is not Hamiltonian stable.
In section 5 we give results in this direction. We introduce a natural generalization of buckling eigenvalue
we use to study the stability of minimal, Lagrangian submanifolds in Kähler manifolds. We show:
A complete minimal Lagrangian submanifold with at least two nonparabolic ends in a Kähler manifold with uniformly pos itive Ricci curvature is not Hamiltonian stable.
In particular we verify the the conjecture given above in the case where the surface has at least two nonparobolic ends. We also provide a large supply of examples to which this result applies. The author would like to express his apreciation to Dr. John Parker for a helpful conversation concerning the examples at the end of Chapter 5.
In the final section, we use an idea of Larry Payne to give an upper bound for the buckling eigenvalue of a relatively compact, convex domain in a Riemannian manifold in terms of the first Dirichlet eigenvalue of the Laplacian and a lower bound for the Ricci curvature.
Capacities
Let {Ω j } j=0,1,2,... be an exhaustion of M by relatively compact subdomains and let A j := Ω j −Ω 0 ; j = 1, 2, .... Let ω j denote the harmonic measure of ∂Ω j with respect to A j ,
The (harmonic) capacity of A j is defined to be
It is well known that M is parabolic if and only if
Define v j to be the biharmonic function defined by
In analogy with the above we define the biharmonic capacity of A − j by
For
with equality if h = ω j . To prove (ii) note
with equality if h = ∆v j . q.e.d.
Corollary 2.2
The sequence {1/ν j } j=1,2,... decreases monotonically.
Proof.Let j ′ > j > 0 and let h j ′ := ∆v j ′ . Then
Let B r denote the geodesic ball about a fixed p ∈ M . For 0 < r < R let A r,R := B R −B r . Let ω r,R denote the harmonic measure of ∂B R with respect to A r,R . Lemma 2.3 Let 0 < r < R and let 0 ≤ a < b ≤ 1. Let 1/µ({a ≤ ω r,R ≤ b}) denote the harmonic capacity of {a ≤ ω r,R ≤ b}, i.e.
where ω is the harmonic function with constant value 0 on {ω r,R = a} and constant value 1 on {ω r,R = b}. Then
Proof.Simply note that
q.e.d.
Bounds for the biharmonic capacity
Proposition 3.1 If M is a complete parabolic manifold then
Proof. Without loss of generality we assume
and hence
Now consider the region {1/2 ≤ ω 1,R/2 } ⊂ A 1,R/2 . Let
Since M is assumed to be parabolic, the family of functions {ω 1,R/2 } converge to zero uniformly on compact subsets of M − B 1 and hence
One sees that there exists a function
where c is a constant independent of R.It therefore follows from (6) that
Therefore using (i) of Lemma 2.1 and Lemma 2.3 we obtain
and hence using (ii) of Lemma 2.1
and the result follows. q.e.d. Proof of Theorem 1.1 The first eigenvalue Λ 1 (P, Ω) appearing in (1) is characterized by
By taking f = u we obtain
The result then follows from Proposition 21. q.e.d.
Buckling Eigenvalues
Let M be a complete Riemannian manifold and let Ω be a relatively compact subdomain with smooth immersed boundary. The buckling eigenvalue of Ω is defined by
There exists a smooth function u on Ω satifying
We define the generalized buckling eigenvalue α 1 as follows. Let ∂Ω = γ 1 ∪ ... ∪ γ n be the decomposition of ∂Ω into disjoint components. Let w i denote the solution of
and let W := span{w 1 , ..., w n } Define
It can be shown by direct methods, that the infimum is attained by a
where c j are constants. Note the trivial inequality α 1 ≤ β 1 and that the two agree if ∂Ω is connected.
where each D j is a subdomain with connected boundary. Then
Proof.Let u be a competing function in (10). We assume u ≡ 0 on ∂Ω ′ by subtracting an apropriate constant from u if necessary. Let c j , j = 1...n denote the constant value c j = u|∂D j and define
0 (Ω ′ ) and thus
This proves the first inequality in (12) by taking the infimum of the last quotient on the right. The second inequality in (12) was proved in [5] . q.e.d.
In two dimensions we can relate α 1 to another widely studied eigenvalue problem. Then α 1 ≥ σ 1 holds.
Proof.Let w be the function apearing in (11). By the Lichnerowicz formula, we have ∆ 1 2 |∇w| 2 = |∇∇w| 2 + K(∇w, ∇w) + ∇w, ∇∆w .
Expanding out the left hand side, gives
Combining this with Kato's inequality, |∇|∇w|| ≤ |∇∇w|, yields the distributional inequality |∇w|∆|∇w| − K|∇w| 2 ≤ ∇w, ∇∆w .
Note that |∇w| ≡ 0 holds on the boundary. Integrating and using the variational characterization of σ 1 then gives
from which the result follows. QED Let M be a complete open Riemannian manifold. We define Remark.Let M denote the Poincare disc equipped with the metric of constant curvature −1. Clearly M has exactly one end which is non-parabolic. It is well known that λ 1 (M ) = 1/4. If Ω ⊂⊂ M , then we can always find a domain Ω ′ as in the statement of Proposition 4.1. Therefore α 1 (M ) ≥ 1/4. This shows that the assumption on the number of non-parabolic ends in the theorem cannot be improved without additional assumptions on the geometry.
We will need the following result of Li and Tam ( [2] , [3] ). 
Then there exists a sequence R i → ∞ such that f Ri converges uniformly on compact subsets of M to a nonconstant, positive harmonic function with finite Dirichlet energy.
Proof of Theorem (4.3) Denote one of the nonparabolic ends by E 1 . Choose p ∈ M and let v R denote the solution of
As in the proof of Lemma 2.1 one can show
Also as in the proof of Proposition (21) we have
where c is a constant independent of R. Thus by (15)
where 1/µ R/2 is the harmonic capacity of B R − B R/2 . Let f Ri be as in Theorem (4.3). Note that by Dirichlet's Principle
Therefore for all i
Note that the sequence 1/µ Ri/2 is decreasing with i and by a well known property of harmonic functions
The proof is completed by letting i tend to ∞ in (18) q.e.d.
Stability of Minimal Lagrangian Submanifolds
Let (X 2n , ω) be a symplectic manifold. An n-dimensional submanifold
We will be concerned with the special case when X is a Kähler manifold, ω is its Käler form and L is a minimal Lagrangian submanifold. Let J denote the almost complex structure of X and note that J defines an isometry between the tangent space and normal space at each point of L.
Let ξ ∈ Γ c (⊥ L) (:= the space of compactly supported sections of the normal bundle of L ) and let δ 
In addition we will call L weakly Hamiltonian stable if and only if (19) holds for all ξ as in (20) Proof.The second variation formula of Chen, Nagano and Leung shows that if u is a smooth function such that ∇u has compact support then
Integrating the Lichnerowicz formula
with equality if X is Einstein with c defined as in (iii). If ∇u has compact support in a domain Ω then clearly u must be constant c j on each connected boundary component γ j . Then
0 (Ω) and can hence be approximated by a smooth function with compact support. From this, (i), (ii) and (iii) follow.q.e.d.
As a consequence we obtain. Theorem 5.2 Let X be a Kähler manifold with Ric X ≥ cds 2 X for some constant c > 0 and let L be a complete, open, minimal Lagrangian submanifold with at least 2 disjoint non-parabolic ends. Then L is not Hamiltonian stable.
Examples In [1] , Lawson constructed minimal immersions F : Σ g → S 3 of closed, genus g surfaces. The Gauss map g : Σ g → G 2,4 assigns to each point p ∈ Σ, the normal bundle to the immersion F at the point p. Lawson refers to this map as the bipolar map and shows that g i also defines a minimal immersion which induces the same conformal structure on Σ as F . As noted in [5] , this map also defines a Lagrangian surface in the Kähler-Einstein manifold G 2,4 .
For g > 1, we select a closed curve γ ⊂ Σ which generates a nontrivial cyclic subgroup γ of π 1 (Σ). We identify π 1 (Σ) with the group of deck transformations of the universal coverΣ and then consider the covering surface Σ 1 :=Σ/ γ The lift g 1 of g to Σ 1 clearly defines a minimal, Lagrangian surface. It is not difficult to see that Σ 1 , with the conformal structure induced from g 1 , is conformally an annulus {1 < |z| < R < ∞}. In particular, this means that Σ 1 has exactly two nonparabolic ends. Since G 2,4 has constant positive Ricci curvature, we can conclude from theorem (5.2) that g 1 is not Hamiltonian stable.
Appendix
In [7] , Payne showed that for a convex domain in the plane, the inequality
holds. Here we will extend Payne's ideas to show the following. Using this in (21), we obtain
